We examine higher-order photon statisitics of laser diodes (LDs) and microchip solid-state lasers (SSLs). When the lasers are operated above lasing threshold, significantly different features of f luctuations are exhibited, which are the result of the asymmetric non-Gaussian distribution characteristics that are always present in SSLs, whereas, in contrast, Gaussian f luctuation persists in LDs. It is found that the deterministic dynamic trajectory in phase space, which is controlled by the ratio between the f luorescence and the photon lifetimes, is crucial to the corresponding behavior of higher-order statistics. © 2002 Optical Society of America OCIS codes: 270.2500, 140.3580, 140.3460, 140.3570. Photon statistics of single-mode lasers have been extensively explored by semiclassical as well as quantum approaches for more than 30 years.
Photon statistics of single-mode lasers have been extensively explored by semiclassical as well as quantum approaches for more than 30 years. 1, 2 However, in those schemes the dynamic variables of the gain medium were adiabatically eliminated. When the variables of the gain medium were incorporated, f luctuations were different. 3, 4 Recently the photon statistics of a single-mode solid-state Nd:YVO 4 laser were identif ied experimentally. 5 Although laser diodes (LDs) and solid-state lasers (SSLs) are both classif ied as class-B lasers, 6 signif icant discrepancies between LDs and microchip SSLs have been found. These divergences essentially originate from a big (2-4 orders of magnitude) difference in the ratios of f luorescence-to-photon lifetimes of the SSLs and the LDs. In photon statistics and f luctuations, the characteristics of the second-order statistics (characterized by relative intensity noise) of the LDs were recently found to be different from those of the SSLs, particularly near the lasing threshold. 7 Besides second-order analysis, higher moments, which are the core of higher-order statistics, 8 can reveal additional profound information on f luctuation behavior. In this Letter we investigate the higher-order photon statistics of LDs and SSLs.
In an experiment we employed a single-mode LD and a microchip Nd:YVO 4 SSL operating in single mode. The LD was an index-guide laser (Limate APLD660-5I; emission wavelength, ϳ660 nm; threshold current, I th ϳ 16.8 mA). It was mounted upon a copper heat sink, and its temperature was controlled by a controller (ILX LDT-5412; resolution, 0.1 ± C). The LD was driven by a low-noise current driver (ILX LDX 3412) for which a low-noise filter (ILX 320) was applied to reduce current f luctuations. Moreover, the 1-mm-thick Nd:YVO 4 laser (CASIX, DPO 3104) was pumped by a high-power LD of 808-nm wavelength. One surface of the laser crystal was dielectric coated to be highly ref lective near 1064 nm and antiref lective near 808 nm. A second surface was coated to provide 5% output coupling. The pump threshold was 78 mW, and the temperature of the laser crystals was controlled at 22 ± C. Under low pump power, both lasers were operated in a single longitudinal mode, which was identif ied by a multiwavelength meter (HP 86120B). The major f luctuations of the laser came with its relaxation oscillation; typically, the relaxation oscillation frequency ͑ f RO ͒ of the LD ranged from subgigahertz to several gigahertz, and that of a SSL ranged from submegahertz to several megahertz, following the McCumber relation f RO 2p͓͑w 2 1͒͑͞t n t s ͔͒ 1͞2 , where w is the relative pump, t n is the f luorescence lifetime, and t s is the photon lifetime. In this experiment the f RO of the LD was less than 1.0 GHz and the f RO of the microchip Nd:YVO 4 laser was less than 1.0 MHz. For detection we used an oscilloscope (HP 54845A; bandwidth, 1.5 GHz; maximum sampling rate, 8.0 GHz) and two kinds of low-noise broadband photoreceiver: a New Focus 1601 (bandwidth, 30 kHz-1 GHz) for the LD and a New Focus 1811 (bandwidth, dc-125 MHz) for the microchip Nd:YVO 4 laser.
In our data analysis we used skewness, Skew ϵ ͗ ͗ ͗͑x 2 ͗x͒͘ 3 ͘ ͘ ͘͞s 3 , which provides a dimensionless measure of the asymmetry of the distribution. With kurtosis, Kurt ϵ ͓͗ ͗ ͗͑x 2 ͗x͒͘ 4 ͘ ͘ ͘͞s 4 ͔ 2 3, we can characterize the peakedness or f latness of the distribution. Here x is a random variable, angle brackets denote the time average or ensemble average, and s is the standard deviation. If we denote the centered moment of a distribution M k ͗ ͗ ͗͑x 2 ͗x͒͘ k ͘ ͘ ͘, then the first few semi-invariants I k follow:
, and Kurt I 4 ͞I 2 2 . Higher moment are not additive; even the variables are independent and random. However, in terms of semi-invariants, the additive property can be preserved, provided that the variables are truly independent and random. All the semi-invariances of the Gaussian distribution higher than I 2 are equal to zero, 9 so the skewness and the kurtosis of the Gaussian distribution both equal zero. With the semi-invariance, higher-order statistics reveal not only the shape of the distribution but also the nature of f luctuation on a quantitative basis. The skewness and the kurtosis of the two lasers are shown in Fig. 1 as functions of relative pump. (In total, we used f ive sets of data to evaluate every average, and each set had 32,000 data points.) Below lasing threshold ͑w , 1͒, the skewness and the kurtosis in both lasers approached zero. As w ϳ 1, skewness and kurtosis of both lasers were greatly enhanced, which implies the existence of strongly asymmetric and narrow distributions. However, as w . 1, both the skewness and the kurtosis of the LD dropped to zero rapidly (i.e., the semi-invariants I 3 ϳ 0 and I 4 ϳ 0), whereas in contrast those of the Nd:YVO 4 laser remained large and did not drop rapidly. This means that the Gaussian probability distribution characteristics were recovered in the LDs as w . 1 but that the SSLs suffered non-Gaussian f luctuations. This result is consistent with the reports in Ref. 5 : The photon statistics of the SSL near lasing threshold show an asymmetric distribution; there is a Gaussian distribution only far above lasing threshold.
In contrast, lasers with marginal class-B properties exhibit Gaussian distributions quickly after the lasing threshold. Hence the LDs belong to marginally class-B lasers, and the emitted photons of the SSLs are much better correlated with one another than those of the LDs. Referring to Fig. 1 , from the insets we can see that the laser intensity distribution of the LD becomes a Gaussian distribution as lasing exceeds the threshold; i.e., w 1.2. However, the laser intensity distribution of the Nd:YVO 4 laser remains narrow and asymmetric.
To discover the physical origins of the asymmetric distribution we employed normalized single-mode laser rate equations with noise terms. 7, 10 These equations are dn͑t͒ dt
Here t has been normalized to t n , s represents the normalized photon density, and n N͑͞N th 2 N 0 ͒ is normalized carrier (or population inversion) density, where N 0 and N th are, respectively, the carrier density at which the gain becomes zero and the threshold carrier density. K t n ͞t s , g denotes the third-order nonlinear gain coeff icient, b N 0 ͞N th , and e represents the spontaneous-emission factor. The noise effects include q n h n and q s h s , where h n and h s are Gaussian white noise and q n and q s denote the noise strengths for the carrier density and the photon density, respectively. Traditionally the photon statistics of lasers have been treated theoretically with three essentially equivalent methods, the Heisenberg operator equations with quantum-mechanical Langevin forces, the density matrix equation of atoms and the light field, and a (generalized) Fokker-Planck equation. 2 In our research reported here, we employed the Fokker -Planck equation method as well as the Gaussian closure approximation to solve Eqs. (1) and (2) numerically and analytically, similarly to Ref. 7 .
The major difference between the LDs and the SSLs are in time ratio K (which is ϳ10 3 for the LD and 10 5 10 7 for the microchip SSLs) and in g (which is large in the LDs but almost zero in the SSLs). As is shown by Fig. 2 , both the skewness and the kurtosis are greatly enhanced as w ϳ 1. When w . 1, the skewness and the kurtosis increase with increasing K and decrease slowly with increasing w. A larger g causes a smaller skewness (kurtosis); however, g has less inf luence than K on the higher-order photon statistics. Therefore the differences in skewness and kurtosis between the LDs and the microchip SSLs result primarily from their intrinsic lifetime ratios K as w . 1. It has been pointed out that a dramatic deviation from standard Gaussian photon statistics is exhibited when Ke $ 1.
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Indeed, the typical value of Ke for LDs is ϳ10 3 3 10 25 10 22 , whereas, in contrast, for microchip SSLs it is ϳ10 6 3 10 26 1.
Why does K play such an important role in the probability distribution? It is impossible for a real physical system to stay at its stable steady state forever because noise will kick it out from time to time. After deviating from the steady state, the system will return to the steady state along the dynamic trajectory. We used the moments ͗s͘ and ͗n͘ to illustrate the dynamics in (ensemble) average. When w ϳ 1, during itinerancy the dynamic trajectory will wind at the portion of higher-value photon density, as shown in Fig. 3(a) , so higher-value photon intensities can be found and the distribution will be narrow, as shown in Fig. 3(d) , where the stochastic nature of photons is presented. Hence the skewness and the kurtosis are greatly enhanced at w ϳ 1. (When w , 1, obviously the driven nature of the stochastic process predominates, and, as a result, the signature of Gaussian noise can be identif ied.) However, when w . 1, the steady state is a spiral attractor. When the system deviates from the steady state, it will oscillate about the steady state and then f inally fall into the steady state. The shapes of the spiral trajectory in phase space vary with K. When K is small, as shown in Fig. 3(b) , where K 10 3 , the trajectory is a circular spiral, and it is symmetric with the steady-state value. Hence, as suggested by Fig. 3(e) , the photon density distribution is symmetric with its steady state, and the skewness and the kurtosis (also, the semi-invariants I 3 , I 4 and higher moments, which one can expect) go to zero. However, when K is large, as shown in Fig. 3(c) , where K 10 5 , the trajectory is no longer symmetric with its steady state, on average. The photon density distribution is asymmetric and narrow, as implied by Fig. 3(f ) ; hence the skewness and the kurtosis are large. That is, even though both LDs and microchip SSLs are driven by Gaussian white noise, the outcomes of the photon density distributions are different because of the corresponding deterministic dynamics. Connection to a Toda oscillator model 3, 6 in which a dynamic change in photon density can be understood in terms of particle motion in an asymmetric K-dependent laser Toda potential can also be established.
